It is shown that a post-Riemannian spacetime may admit a causal structure whose metric tensor is connection-compatible. The functional dependence of the metric tensor on the (symmetric part of the) connection is given implicitly. The relations between a connection-compatible metric, and an arbitrary metric with non-metricity, as well as among two independent non-metricities, are given, and checked against the Riemannian limit.
Many attempts have been taken in order to extend the framework of General Relativity and its conceptual foundations. Some of these attempts are primary relies upon the hope that such an extension will open a room for wider class of physical phenomena, other than the observed gravity; or may even reconcile the quantum concept with the classical nature of General Relativity. In particular, people tried to reformulate a theory of general relativity (incorporating world-spinors) on Post-Riemannian spacetimes, whose exact form resembles a quantum field theory, and whose law energy limit provides Einstein's (or Einstein-Cartan's) classical gravity [1] . The exact theory, however, was naively believed to support no causal structure due to lack of metricity. Non-metricity, which is (traditionally) so closely associated with post-Riemannian spacetimes, brings about two main inconveniences:
1. Apparent incompatibility of covariant differentiation with contraction:
where
λθ ; thus, for example, D is incompatible with the Hodge star. One usually defines
measure for the lack of metricity (non-metricity);
2. Ruing scalar-product's stability (in particular -the light-cone) against parallel
where Q ≡ g λθ Dg λθ , and Q λθ ≡ Q λθ − (Q/n) g λθ is the traceless component of But these apparent inconveniences will soon appear somewhat deceptive: It will be shown that spacetime itself provide the means by which one is able to construct a causal structure, depriving non-metricity from playing a fundamental role.
Consider first the following auxiliary definition for χ
θ stands for a connection one-form on [a yet unspecified] spacetime):
where we deliberately distinguished Γ λ µ λ ′ from Γ λ µλ ′ , with the overline at our disposal. In particular, contracting both sides of (3) with g λ ′′ θ ′′ implies:
The motivation behind introducing the quantities χ 
One then easily computes,
from which DV θ ′′ = g θ ′′ λ DV λ (metricity) effectively follows 1 . One may therefore regard D as a pseudo-linear operator with respect to contractions with g (recall (4)):
with V contravariant. The detailed derivation is given in the Appendix. Now, let us forget about the Riemannian example, and substitute for our most general post-Riemannian χ (consider it as a definition for the yet unknown G):
Contraction of (7) with respect to G λ ′ θ yields
with a formal solution for G λθ (x) given as an implicit integral equation:
G λθ thus obtained is said to be connection-compatible. By now, in complete analogy with (3), (4), and (5), with G θ ′′ λ ′ coming instead of g θ ′′ λ ′ , the covariant derivative is already compatible with contractions (see the Appendix again), By definition, a post-Riemannian spacetime L n is solely determined by n 3 smooth
can later be uniquely constructed as a solution of (9), if it exists. This means that such a 'well-behaved' L n is automatically provided with a causal structure, namely, L n 's G-cones are true diffeomorphic-invariants, exhibiting stability against parallel transports. Our logic stands in opposite with the logic behind Riemannian spacetimes, where one first puts a metric structure, and only afterwards construct a metric-compatible connection.
This can be contemplated also from a different point of view: There is the class of Riemannian spacetimes whose metric structure is connection-compatible (better than saying "whose connection is metric-compatible"). Then one slowly switches a button which turns-on the non-Riemannian components of the connection, moving smoothly to other 'nearby' classes of spacetimes. One only requires that the metric structure in each new category stays connection-compatible -thus causality is always maintained.
During the process, little g is smoothly deformed into big G. But this should not prevents one from reintroducing g whenever one likes. Nevertheless, g (V, V ) can no longer be considered as a physical cone. It is only at the Riemannian limit where it truly regains its physical significance.
From (8), from Q = −Dg, and from DG = 0, we have
where Υ Notice that (11) and (12) are consistent with the Riemannian limit G = g, Q = 0, and Υ ϕ {λ g ϕ|θ} = 0. Notice also that equation (12) is nothing but Γ ϕ {λ G ϕ|θ} = dG λθ , which can be plugged back into equation (11) to yield:
Finally, had G would have also refer to an arbitrary metric, which is not connectioncompatible, whose respective non-metricity is Q, then the two connection-incompatible metrics would have related to one another through
At the Riemannian limit eq. (14) reduces to 1 2 G ϕρ dG ρ{λ g ϕ|θ} = dg λθ whose solution for G is given by G = g (uniqueness of the Riemannian metric).
The following two corollaries summarize our so-far results:
• Post-Riemannian spacetimes are furnished 2 with a connection-compatible metric structure, obtained as an implicit integral equation with the connection as input;
• Causality is then inevitable whatsoever. What sense does it make to impose an additional non-metricity in the presence of a stable built-in causal structure?
Our conclusions are by no means discouraging, despite of the fact that the concept of non-metricity appears somewhat redundant. To the contrary: The existence of a causal structure over such an utter class of manifolds could only pave the road for the incorporation of plentiful of new structures, and new ideas, that were previously unavailable within the relatively limiting framework of Riemannian geometry.
2 There still exist a possibility of (9) having no solution, or G λθ being singular over finite domains of L n , in which cases the statements are wrong.
